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Abstract
We study a deformed su(m|n) algebra on a quantum superspace. Some
interesting aspects of the deformed algebra are shown. As an application of the
deformed algebra we construct a deformed superconformal algebra. From the
deformed su(1|4) algebra, we derive deformed Lorentz, translation of Minkowski
space, iso(2, 2) and its supersymmetric algebras as closed subalgebras with
consistent automorphisms.
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1. Introduction
Recently, quantum groups and quantum algebras [1-4] have attracted much at-
tention in theoretical physics and mathematics, such as statistical models, integrable
models, conformal field theory and knot theory [5-8]. Also a quantum space has been
studied intensively as a non-commutative space representing the quantum group [7, 9].
Differential calculus on the quantum space is very intriguing as an application of the
quantum group and useful to show interesting aspects of the quantum groups [10-15].
Further, quantum Lorentz group and q-deformed Lorentz and Poincare´ algebras
have been constructed on the quantum space [16-19]. The approach was extended to
construction of q-deformed conformal and superconformal algebras on the quantum
space [20, 21]. On the other hand, through the Drinfeld-Jimbo procedure, another
q-deformed Poincare´ and conformal algebras were obtained without use of the differ-
ential calculus of the quantum space [22, 23, 24]. As well as the deformed algebras,
whole quantum deformed analyses including representations of the algebrs on the
quantum space are very interesting. Therefore, in this paper we consider deformed
algebras on the quantum space, generalizing the approach of Ref.[17, 20] to a deformed
su(m|n) algebra on the quantum superspace. As an application, we study deformed
superconformal algebra and its closed subalgebras with some automorphisms.
This paper is organized as follows. In section two we review the differential calculus
on the quantum superspace and construct a deformed su(m|n) algebra consistent with
the space. For the algebra, a representation on the fermionic space and a relation to
the Drinfeld-Jimbo algebra are shown. In section three, we introduce the conjugate
space and derive a simple conjugation of the deformed su(m|n) algebra. In section
four we construct a deformed superconformal algebra in four-dimensional space-time
and also give a quantum 6-vector. From the deformed su(1|4) algebra, we derive some
closed subalgebrs with simple consistent automorphisms. Section five is devoted to
conclusions and remarks. In Appendix A we study decomposition of the quantum
differential calculus and representation of the deformed algebra on a new space and
in Appendix B the deformed su(1|4) algebra is shown explicitly.
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2. Deformed su(m|n) algebra on quantum superspace
2.1 Quantum superspace
The quantum space is a non-commutative space which represents the quantum
groups. Namely, the quantum group transforms covariantly commutation relations
of the quantum space. These commutation relations between coordinates ZI(xi, θα)
(i = 1 ∼ m,α = 1 ∼ n) and derivatives ∂I(∂i, ∂α) of the quantum superspace are
obtained in terms of a R̂-matrix for GLq(m|n) [11, 15] as follows,
ZIZJ = R̂IJKLZ
KZL, ∂I∂J = R̂
LK
JI∂K∂L,
∂JZ
I = δIJ +XR̂
IK
JLZ
L∂K , (2.1)
where X is a deformation parameter. The R̂-matrix should satisfy the Yang-Baxter
equation and it involves many deformation parameters in addition to X .
In Ref.[15], the quantum group matrices transforming the quantum superspace has
been studied and also it showed conditions on the parameters for a superdeterminant
to be a center †. Here we consider the differential calculus with one parameter (X =
1/q2), making use of the following R̂-matrix,
R̂IJKL = δ
I
Lδ
J
K{((−q2)Î − q(−1)Î Ĵ)δIJ + q(−1)ÎĴ}+ (1− q2)δIKδJLΘJI , (2.2)
where ΘJI = 1 for I < J , otherwise vanishes and Î denotes the grassman parity,
i.e., Î = 0 for I = i and Î = 1 for I = α. The above R̂-matrix leads to a central
superdeterminant. Appearance of ΘJI implies that ordering of bosonic and fermionic
elements is nontrivial. Although in this paper we study the ordering where any
fermionic element follows all of bosonic ones, i.e., Θαi = 1, we could discuss other
ordering.
The R̂-matrix leads to the following commutation relations,
ZIZJ =
(−1)Î Ĵ
q
ZJZI , ∂I∂J = (−1)Î Ĵq∂J∂I , (I < J),
(θα)2 = (∂α)
2 = 0, ∂JZ
I =
(−1)Î Ĵ
q
ZI∂J , (I 6= J), (2.3)
∂ix
i = 1 + q−2xi∂i + (q
−2 − 1)(∑
i<j
xj∂j +
∑
α
θα∂α),
†See in detail Ref.[15]
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∂αθ
α = 1− θα∂α + (q−2 − 1)
∑
α<β
θβ∂β .
In eq.(2.3), the commutation relation between ∂I and Z
I depends on other co-
ordinates and derivatives. In Appendix A, we discuss decomposition of the above
differential algebra, following Ref.[25] and also representation of the deformed alge-
bra on a new space is studied.
The R̂-matrix is decomposed into two projection operators, a symmetric projector
S and an antisymmetric one A as follows,
S = 1
1 + q2
(R̂ + q21), A = −1
1 + q2
(R̂− 1). (2.4)
2.2 Deformed su(m|n) algebra on quantum superspace
Now we consider deformed su(m|n) generators on the quantum superspace. First
of all, we study generators T II+1 and T
I
I−1 associated with simple roots, which cor-
respond to ZI∂I+1 and Z
I∂I−1 in the classical limit (q → 1). Following Ref.[17], we
assume that T II±1 acts on Z
K and ∂K as follows,
T II±1Z
K = a(I,K)±Z
KT II±1 + δ
K
I±1Z
I ,
T II±1∂K = b(I,K)±∂KT
I
I±1 + C(I)±δ
I
K∂I±1. (2.5)
The actions of T II±1 (2.5) should be consistent with the commutation relations of the
quantum superspace (2.3). For example, we calculate T II+1(qZ
JZK − (−1)ĴK̂ZKZJ)
(J < K), so that we derive the following consistency condition,
δJI+1(qZ
IZK − (−1)ĴK̂a(I,K)+ZKZI) + δKI+1(qa(I, J)+ZJZI − (−1)ĴK̂ZIZJ) = 0.
(2.6)
Namely, we obtain a(I, I)+ = (−1)Î ̂(I+1)/q for I = i and a(I, J)+ = 1 for I >
J or I + 1 < J . Further, we investigate consistency between (2.5) and the other
commutation relations (2.3), so that we obtain actions of T II+1 as follows,
T ii+1x
i = q−1xiT ii+1, T
i
i+1∂i = q∂iT
i
i+1 − q∂i+1,
T ii+1x
i+1 = qxi+1T ii+1 + x
i, T ii+1∂i+1 = q
−1∂i+1T
i
i+1,
T αα+1θ
α = qθαT αα+1, T
α
α+1∂α = q
−1∂αT
α
α+1 − q−1∂α+1,
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T αα+1θ
α+1 = q−1θα+1T αα+1 + θ
α, T αα+1∂α+1 = q∂α+1T
α
α+1, (2.7)
T i=mα=1x
m = q−1xmT i=mα=1, T
i=m
α=1∂i=m = q∂i=mT
i=m
α=1 − q∂α=1,
T i=mα=1θ
1 = −q−1θ1T i=mα=1 + xm, T i=mα=1∂α=1 = −q∂α=1T i=mα=1.
For the other elements, T II+1 satisfy the classical relations, i.e., they commute or
anticommute with each other depending on their grassman parities.
Similarly we can derive actions of T I+1I as follows,
T i+1i x
i = q−1xiT i+1i + x
i+1, T i+1i ∂i = q∂iT
i+1
i ,
T i+1i x
i+1 = qxi+1T i+1i , T
i+1
i ∂i+1 = q
−1∂i+1T
i+1
i − q−1∂i,
T α+1α θ
α = qθαT α+1α + θ
α+1, T α+1α ∂α = q
−1∂αT
α+1
α ,
T α+1α θ
α+1 = q−1θα+1T α+1α , T
α+1
α ∂α+1 = q∂α+1T
α+1
α − q∂α, (2.8)
T α=1i=mx
m = q−1xmT α=1i=m + θ
1, T α=1i=m∂i=m = q∂i=mT
α=1
i=m,
T α=1i=mθ
1 = −q−1θ1T α=1i=m, T α=1i=m∂α=1 = −q∂α=1T α=1i=m + q∂i=m.
For the other elements, T I+1I satisfy the classical relations.
Next, we define Cartan generators HI in terms of a commutation relation between
T II+1 and T
I+1
I . In the classical limit, HI corresponds to Z
I+1∂I+1 − (−1)Î ̂(I+1)ZI∂I .
For example, we can obtain actions of T i+1i T
i
i+1 and T
i
i+1T
i+1
i making use of (2.7)
and (2.8) as follows,
T i+1i T
i
i+1x
i = q−2xiT i+1i T
i
i+1 + q
−1xi+1T ii+1,
T i+1i T
i
i+1x
i+1 = q2xi+1T i+1i T
i
i+1 + q
−1xiT i+1i + x
i+1,
T ii+1T
i+1
i x
i = q−2xiT ii+1T
i+1
i + qx
i+1T ii+1 + x
i, (2.9)
T ii+1T
i+1
i x
i+1 = q2xi+1T ii+1T
i+1
i + qx
iT i+1i .
Following Ref.[17], we define Cartan generators Hi (i = 1 ∼ m− 1) by linear combi-
nation of T i+1i T
i
i+1 and T
i
i+1T
i+1
i in order to eliminate the linear terms of T on the
right hand side of (2.9) as follows,
Hi ≡ qT i+1i T ii+1 − q−1T ii+1T i+1i . (2.10)
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Similarly we define the other Cartan generators H0(= Hi=m) and Hα (α = 1 ∼ n)
in terms of T i=mα=1, T
α=1
i=m,T
α
α+1 and T
α+1
α so that linear terms of T disappear in actions
of H0 and Hα. Thus we have
Hα ≡ q−1T α+1α T αα+1 − qT αα+1T α+1α , H0 ≡ {T i=mα=1, T α=1i=m}, (2.11)
and actually the Cartan generators act on the quantum superspace as follows,
Hix
i = q−2xiHi − q−1xi, Hi∂i = q2∂iHi + q∂i,
Hix
i+1 = q2xi+1Hi + qx
i+1, Hi∂i+1 = q
−2∂i+1Hi − q−1∂i+1,
Hαθ
α = q2θαHα − qθα, Hα∂α = q−2∂αHα + q−1∂α, (2.12)
Hαθ
α+1 = q−2θα+1Hα + q
−1θα+1, Hα∂α+1 = q
2∂α+1Hα − q∂α+1,
H0x
m = q−2xmH0 + x
m, H0∂i=m = q
2∂i=mH0 − q2∂i=m,
H0θ
1 = q−2θ1H0 + θ
1, H0∂α=1 = q
2∂α=1H0 − q2∂α=1,
and for the other elements the generators satisfy the classical algera. Note that the
definition of H0 (2.11) is never deformed.
Finally, we define the other generators T IJ (J 6= I ± 1) in terms of commutation
relations of T II±1. For example we define T
i
i+2 as
T ii+2 ≡ [T ii+1, T i+1i+2]h, (2.13)
where [A,B]h ≡ AB − hBA. Then we investigate closure of their algebra. Using
(2.7) and (2.13), we can easily calculate actions of T ii+1T
i
i+2 and T
i
i+2T
i
i+1 on x
k as
follows,
[T ii+1T
i
i+2, x
i]1/q2 = [T
i
i+2T
i
i+1, x
i]1/q2 = 0,
[T ii+1T
i
i+2, x
i+1]q = x
i(T ii+2 + q
−1(q−1 − h)T ii+1T i+1i+2),
[T ii+1T
i
i+2, x
i+2]q = (q(q − h)xi+1T ii+1 + (q + q−1 − h)xi)T ii+1, (2.14)
[T ii+2T
i
i+1, x
i+1]q = x
i(q−1T ii+2 + q(q
−1 − h)T i+1i+2T ii+1),
[T ii+2T
i
i+1, x
i+2]q = ((q − h)xi+1T ii+1 + xi)T ii+1.
Eq.(2.14) shows that if h = q or 1/q, hT ii+1T
i
i+2 is identified with T
i
i+2T
i
i+1. Here
we choose h = 1/q, so as to obtain
[T ii+1, T
i
i+2]q = 0. (2.15)
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Similarly we difine the generators T IK as follows,
T IK ≡ T IJT JK − qĴT JKT IJ , (I < J < K or I > J > K), (2.16)
where q
Ĵ
= q2Ĵ−1, i.e., q
Ĵ
= 1/q for J = i and q
Ĵ
= q for J = α. The definition satisfy
the algebraic closure similar to the above. The generators T IK (I < K) act on the
quantum superspace as follows,
T IKZ
I = q
Î
ZIT IK , T
I
KZ
J = (−1)(Î+K̂)ĴZJT IK ,
T IKZ
K = (−1)(Î+1)K̂(q
k̂
)−1ZKT IK + Z
I + (−1)Îλ ∑
I<J<K
ZJT IJ ,
T IK∂J = (−1)(Î+K̂)Ĵ∂JT IK − (−1)Îλ∂KT IJ , (2.17)
T IK∂I = (qÎ)
−1(∂IT
I
K − ∂K), T IK∂K = (−1)(Î+1)K̂qk̂∂KT IK ,
where λ = q−1/q and I < J < K and for the other elements the generators satisfy the
classical relations. Also the generators TKI (I < K) act on the quantum superspace
as follows,
TKIZ
I = q
Î
ZITKI + Z
K , TKIZ
K = (−1)(Î+1)K̂(q
K̂
)−1ZKTKI ,
TKIZ
J = (−1)(Î+K̂)ĴZJTKI + (−1)ÎλZKTKI ,
TKI ∂I = (qÎ)
−1∂IT
K
I , T
K
I ∂J = (−1)(Î+K̂)Ĵ∂JTKI ,
T ki∂k = q
−1∂kT
k
i − q2(i−k)+1∂i − λ
∑
i<j<k
q2(j−k)∂jT
j
i, (2.18)
T γα∂γ = q∂γT
γ
α − q2(γ−α)−1∂α + λ
∑
α<β<γ
q2(γ−β)∂βT
β
α,
T βi∂β = −q∂βT βi + q2(β+i−m)−1∂i + λ(
∑
i<j
q2(β+j−m−1)∂jT
j
i −
∑
α<β
q2(β−α)∂αT
α
i),
where I < J < K, i < j < k and α < β < γ, and for the other elements the
generators satisfy the classical relations.
From (2.12), (2.17) and (2.18), we can derive commutation relations of genera-
tors through the calculation similar to (2.14) and (2.15). Among the whole algebra,
commutation relations of T II±1 and HI are obtained as
[T I−1I , T
I+1
I ]q
Î
= [T II+1, T
I
I−1]q
Î
= [T IJ , T
K
L] = 0, (I, J 6= K,L),
[HI , T
I
I+1](q
Î
)4 = −(qÎ)2(q + q−1)T II+1, [HI , T I+1I ]1/(q
Î
)4 = (qÎ)
−2(q + q−1)T I+1I ,
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[HI , T
J
J+1]1/(q
Î
)2 = (qÎ)
−1T JJ+1, [HI , T
J+1
J ](q
Î
)2 = −qÎT J+1J , (I = J ± 1),
[H0, T
i=m
α=1] = [H0, T
α=1
i=m] = 0 (2.19)
[H0, T
i=m−1
i=m ]q2 = −q2T i=m−1i=m , [H0, T i=mi=m−1]1/q2 = T i=mi=m−1,
[H0, T
α=1
α=2]1/q2 = T
α=1
α=2, [H0, T
α=2
α=1]q2 = −q2T α=2α=1,
where HI do not involve H0. Further, it is easily shown that the Cartan generators
commute with each other and T iα and T
α
i are nilpotent, i.e., (T
i
α)
2 = (T αi)
2 = 0.
The other commutation relations of the whole algebra are obtained by use of (2.19)
or the calculation similar to (2.14) and (2.15), through boresomely long calculations.
For a concrete example, all commutation relations of the deformed su(1|4) algebra
is found explicitly in Appendix B, while the whole deformed su(4) algebra has been
shown in Ref.[20]. It is remarkable that the deformed su(ℓ) algebra on the quantum
bosonic space is represented in the same way as on the quantum fermionic space,
except replacing q by 1/q. This replacement is not essential.
2.3 Representation of deformed su(2) algebra on quantum fermionic space
In this and the following subsections, two interesting topics about the above de-
formed su(ℓ) algebra are discussed. Here we study the deformed su(2) algebra on the
two-dimensional quantum fermionic space, whose coordinates (θ1, θ2) and derivatives
(∂1, ∂2) satisfy the following commutation relation,
qθ1θ2 = −θ2θ1, ∂1∂2 = −q∂2∂1,
q∂αθ
β = −θβ∂α, (α 6= β), (2.20)
∂1θ
1 = 1− θ1∂1 + (q−2 − 1)θ2∂2, ∂2θ2 = 1− θ2∂2.
Suppose that we define T̂ 12 and T̂
2
1 like the classical generators using the quantum
elements as follows,
T̂ 12 ≡ θ1∂2, T̂ 21 ≡ θ2∂1. (2.21)
Then they satisfy the following relations,
T̂ 12θ
2 = q−1θ2T̂ 12 + θ
1, T̂ 21θ
1 = qθ1T̂ 21 + θ
2,
T̂ 12∂1 = q
−1∂1T̂
1
2 − q−1∂2, T̂ 21∂2 = q∂2T̂ 21 − q∂1. (2.22)
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The above relations are nothing but the actions of the genarators T 12 and T
2
1 of the
deformed su(2) algebra on the quantum fermionic space (2.7) and (2.8).
Next, in the similar way to (2.8) we define Ĥ using T̂ 12 and T̂
2
1 as follows,
Ĥ ≡ q−1T̂ 21T̂ 12 − qT̂ 12T̂ 21 = q−1θ2∂2 − qθ1∂1. (2.23)
The generator Ĥ satisfies the following relations,
Ĥθ1 = q2θ1Ĥ − qθ1, Ĥθ2 = q−2θ2Ĥ + q−1θ1,
Ĥ∂1 = q
−2∂1Ĥ + q
−1∂1, Ĥ∂2 = q
2∂2Ĥ − q∂1. (2.24)
The above relations are also exactly same as the actions of H1 (2.12) of the deformed
su(2) algebra. Therefore the deformed su(2) algebra is completely represented in
terms of the coordinates and derivatives of the quantum fermionic space (2.21) and
(2.23). Unfortunately, for the bosonic case we can not represent the deformed su(2)
algebra by the quantum bosonic coordinates and derivatives.
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2.4 Map to Drinfeld-Jimbo basis
In this subsection, we discuss a map between the above deformed algebra and
Drinfeld-Jimbo’s algebra. The deformed su(ℓ) algebra on the bosonic and the fermionic
quantum spaces involves the following deformed su(2) algebra as a closed subalgebra,
[Hα, T
α
α+1]q4 = −q2(q + q−1)T αα+1, [Hα, T α+1α ]1/q4 = q−2(q + q−1)T α+1α ,
[T α+1α , T
α
α+1]q2 = qHα, (2.25)
where if we replace q by 1/q, we obtain the deformed su(2) algebra on the quantum
bosonic space, which consists of T ii+1, T
i+1
i and Hi. This algebra (2.25) is identified
with a deformed su(2) algebra by Woronowicz, up to a normalization factor [10].
On the other hand, Drinfeld and Jimbo constructed the following deformed su(2)
algebra with a deformation parameter q′ as follows,
[J0, J+] = J+, [J−, J0] = J−
[J+, J−] =
1
2
[2J0]q′, (2.26)
where [A]q = (q
A − q−A)/(q − q−1).
In Ref.[26, 6], a map between the Woronowicz’s and the Drinfeld-Jimbo’s su(2)
algebras was discussed. Thus, changing a normalization factor on the map of Ref.[26,
6], we can easily derive a map from the Drinfeld-Jimbo algebra (2.26) with q′ = q to
(2.25) as follows,
Hα = λ
−1(1− q−4J0), T αα+1 =
√
2q−J0J−, T
α+1
α =
√
2q−J0J+. (2.27)
Under the similar map, the deformed su(2) algebra on the quantum bosonic space is
related with the Drinfeld-Jimbo’s algebra with q′ = 1/q. The above map could be
generalized to the deformed su(ℓ), because we can relate the Cartan generators and
the generators associated with the simple roots of two basis through (2.27).
The map (2.27) leads to actions of J0 and J± on the quantum space. For example,
in the case of (2.27) with α = 1 we have
q−4J0θ1 = q2θ1q−4J0, q−4J0θ2 = q−2θ2q−4J0,
q−4J0∂1 = q
−2∂1q
−4J0 , q−4J0∂2 = q
2∂2q
−4J0,
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J+θ
1 =
√
qθ1J+ +
√
q
2
θ2qJ0, J+θ
2 =
1√
q
θ2J+,
J+∂1 =
1√
q
∂1J+, J+∂2 =
√
q∂2J+ −
√
q3
2
∂2q
J0, (2.28)
J−θ
1 =
√
qθ1J−, J−θ
2 =
1√
q
θ2J− +
1√
2q
θ1qJ0,
J−∂1 =
1√
q
∂1J− − 1√
2q
∂2q
J0, J−∂2 =
√
q∂2J−.
Similarly we can derive actions of the Drinfeld-Jimbo generators on the quantum
bosonic space.
In Ref.[26], it was shown maps to other deformed su(2) algebra, e.g., the two
Witten’s algebras [27] and the Fairlie’s algebra [28]. Through the precedure, the
deformed algebra obtained here could be related to other algebra and we could derive
relations between the quantum space and other algebra.
3. Conjugation
In this section, we introduce another quantum space ZI conjugate to Z
I . We set
up commutation relations of ZI as follows,
ZLZK = R̂
IJ
KLZJZI , ZKZ
I = R̂IJKLZ
LZJ . (3.1)
The latter relation is explicitly written as
ZJZ
I = (−1)Î ĴqZIZJ ,
xix
i = xixi + (1− q2)(
∑
i<j
xjxj +
∑
α
θαθα), (3.2)
θαθ
α = −q2θ2θα + (1− q2)
∑
α<β
θβθβ .
These commutation relations have a center
∑
I Z
IZI . Further, we assume that ZI
has the same commutation relations with the generators as ∂I . For example, we have
T i+1i xi+1 = q
−1xi+1T
i+1
k − q−1xi. (3.3)
Now we relate ZI and Z
I by a conjugation, where ZI must be proportional to the
complex conjugate of ZI . The conjugation should be consistent with the commutation
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relations (2.3) and (3.1). We can find two types of consistent conjugations, depending
on the value of q. In the case with real q, we can consistently relate ZI and ZI as
follows,
ZI = gI(Z
I)∗, (3.4)
where gI ’s are diagonal elements of a metric for su(m1, m2|n1, n2) and ∗ implies the
complex conjugate. In this case, when taking the conjugation, we have to reverse the
order of elements, i.e., ab = ba.
On the other hand, when |q| = 1, the following conjugation is consistent,
xi = igiKq
m−i+1(xi)∗, θα = gαq
αK(θα)∗, (3.5)
where K is an arbitrary phase factor. In this case, when taking the conjugation, we
do not reverse the order of elements, i.e., ab = ab.
Now we consider conjugation of the generators. Here, we restrict ourselves the
case with real q. We could extend the following approach to the case where |q| = 1.
Actually, in Ref.[20, 21], the conjugation of the deformed su(4) and su(1|4) algebras
was disscussed in the case where |q| = 1. For example we take conjugation of the
relation between T ii+1 and x
i+1 (2.7), so that we obtain
xi+1T ii+1 = qT
i
i+1xi+1 + gigi+1xi. (3.6)
Through comparison with (3.3), eq.(3.6) leads to the following conjugation relation,
T
i
i+1 = gigi+1T
i+1
i . (3.7)
Similarly we can derive the conjugation relations of the other generators as follows,
T IJ = gIgJT
J
I , HI = HI , H0 = H0. (3.8)
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4. Deformed superconformal algebra on quantum space
In this section, we study a deformed superconformal algebra as a very interest-
ing application of the deformed su(m|n) algebra on the quantum superspace. The
N=1 superconformal algebra in the four-dimensional space-time is represented by
su(1|2, 2), whose deformed algebra is found in Appendix B. Therefore, we need the
quantum space which consists of one bosonic and four fermionic elements to represent
the algebra. In this section, the bosonic coordinate and derivative are denoted by x0
and ∂0, while θ
α and ∂α (α = 1 ∼ 4) implies the fermionic elements as the previous
sections. Further, here we choose the su(2, 2) metric as g = (1, 1,−1,−1).
4.1 Quantum 6-vector
In the classical limit, the su(2, 2) algebra is isomorphic to so(4, 2). In Ref.[29, 20],
the isomorphism has been generalized to the quantum case. In the papers, a quantum
6-vector was discussed in terms of bi-spinors. It is an important representaion as well
as the spinor representation, which corresponds to θα. In this subsection, we consider
a repsentation of the deformed superconformal algebra suq(1|2, 2), which includes the
quantum 6-vector.
Now we construct the quatum 6-vector in terms of a tensor product of two quan-
tum spinors. For that purpose, we introduce another spinor ηα (α = 1 ∼ 4) and y0.
The new quantum superspace y0 and ηα represent the deformed su(1|2, 2) algebra in
the same way as x0 and θα. We assume that they satisfy the following commutation
relations,
Z1
IZ2
J = R̂IJKLZ2
KZ1
L, (4.1)
where Z1 ≡ (x0, θα) and Z2 ≡ (y0, ηα). Eq.(4.1) is explicity written as follows,
x0y0 = y0x0, x0ηα = qηαx0 + (1− q2)y0ηα,
θαy0 = qy0θα, θαηα = −q2ηαθα, (4.2)
θαηβ = −qηβθα + (1− q2)ηαθβ, θβηα = −qηαθβ, (α < β).
We use the projection operators S and A in order to decompose the tensor product
Z1Z2 into irreducible representations of the deformed su(1|2, 2) algebra. Although in
12
Ref.[20] the antisymmetric projector A was used to decompose the tensor product of
two bosonic quantum spinors into the quantum 6-vector, the symmetric projector S is
available to derive another quantum 6-vector from a tensor product of two fermionic
quantum space. Actually, from SIJKLZ1KZ2L we obtain eleven independent elements
as follows,
Sαβ = θαηβ − qθβηα, (α < β),
S0α = x0ηα + qθαy0, S00 = x0y0, (4.3)
where Sαβ is the quantum 6-vector.
From (2.12), (2.17) and (2.18), we can derive actions of the deformed su(1|2, 2)
generators on S. The Cartan generators act on S as follows,
[Hα, S
αβ]q2 = −qSαβ , [Hα, Sα+1 β]1/q2 = q−1Sα+1 β,
[Hα, S
I α+1]1/q2 = q
−1SI α+1, [Hα, S
I α]q2 = −qSI α, (4.4)
[H0, S
0J ]1/q4 = (1 + q
−4)S0J , [H0, S
Jα]1/q2 = S
Jα,
where I < α, α+ 1 < β and J = 0, 1. Similarly, we obtain actions of TKL (K < L) as
follows,
[T αγ , S
αγ] = −qλ ∑
α<β<γ
SαβT αβ,
{T 0β, S0β}1/q2 = (q + q−1)S00 +
λ
q
∑
α<β
S0αT 0α,
[T αβ, S
Iα]q = [T
I
σ , S
Iρ]
(−1)Î q̂(I)
= 0, (σ 6= ρ),
[T αγ , S
Iγ]1/q = S
Iα − λ ∑
α<β<γ
SIβT αβ, (4.5)
[T Iβ, S
βγ]1/q = S
Iγ − λ ∑
I<αβ
SαβT Iα,
[T Iγ, S
αγ ]1/q = −qSIα − λ
∑
α<β<γ
SαβT Iβ + qλ
∑
I<ρ<α
SραT 0ρ,
where I < α < β < γ. Further, we have actions of TLK (K < L) as,
[T βα, S
αγ]q = {T β0, S0γ}1/q = Sβγ,
[T αI , S
αβ]1/q = {T α0, S0α}1/q = [T αI , SJα]1/q = 0,
[T βα, S
Iα]1/q = S
Iβ,
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[T γα, S
αβ]q = −qSβγ − qλSαγT βα, (4.6)
{T β0, S0α}1/q = −qSαβ +
λ
q
S0βT α0,
[T γα, S
Iβ] = −λSIγT βα, [T βI , Sαγ] = −λSβγT αI ,
[T γI , S
αβ] = −λSαγT βI + qλSαβT αI ,
where I 6= J and I, J < α < β < γ. Note that S0α has the same relations with the
deformed su(2, 2) generators as the quantum 4-spinor θα.
4.2 Deformed superconformal algebra
In this section we assign the deformed su(1|4) generators to the physical super-
conformal generators (See e.g. Ref.[30]). The assignment should be consistent with
the conjugation (3.8). First of all, it is convenient to assign the deformed su(2, 2)
generators to a deformed so(4, 2) generators Mµν (µ, ν = 0 ∼ 5) as follows,
M12 =
−1
2
(H1 +H3), M23 =
−1
2
(T 12 + T
2
1 + T
3
4 + T
4
3),
M31 =
i
2
(T 12 − T 21 + T 34 − T 43), M01 = −12 (T 14 − T 41 + T 23 − T 32),
M02 =
i
2
(T 14 + T
4
1 − T 23 − T 32), M03 = −12 (−T 13 + T 31 + T 24 − T 42),
M40 =
−i
2
(T 13 + T
3
1 + T
2
4 + T
4
2), M41 =
−1
2
(T 12 + T
2
1 − T 34 − T 43)
M42 =
i
2
(T 12 − T 21 − T 34 + T 43), M43 = −12 (H1 −H3)
M50 =
−1
2
(H1 + 2H2 +H3), M51 =
i
2
(T 23 + T
3
2 + T
1
4 + T
4
1)
M52 =
−1
2
(T 23 − T 32 − T 14 + T 41), M53 = i2(−T 13 − T 31 + T 24 + T 42)
M45 =
−1
2
(T 13 − T 31 + T 24 − T 42).
(4.7)
In the classical limit, the generators Mµν satisfy the following algebra,
[Mµν ,Mρσ] = −igµρMνσ + igνρMµσ + igµσMνρ − igνσMµρ, (4.8)
where the so(4, 2) metric is choosen gµν = diag (1,−1,−1,−1,−1, 1). Under the
conjugation (3.8), Mµν is ‘real ’, i.e., they satisfy
Mµν = Mµν . (4.9)
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Next we ‘compactify ’ two-dimensional space, e.g., fourth and fifth dimensions. Namely
we choose generators for translation Pµ (µ = 0 ∼ 3), conformal boost Kµ and dilata-
tion D as,
Pµ =M4µ +M5µ, Kµ = M5µ −M4µ, D =M45. (4.10)
Further we assign the supercharges Qα, Qα˙, S
α, S
α˙
as follows,
Q1 =
√
2(T 01 − iT 03), Q1 =
√
2(T 10 − iT 30),
Q2 =
√
2(−T 02 + iT 04), Q2 =
√
2(−T 20 + iT 40),
S
1
=
√
2(T 01 + iT
0
3), S
1 =
√
2(T 10 + iT
3
0, )
S
2
=
√
2(−T 02 − iT 04), S2 =
√
2(−T 20 − iT 40),
(4.11)
so that in the classical limit they satisfy
{Qα, Qα˙} = 2(σµ)αβ˙Pµ, {S
α˙
, Sβ} = 2(σµ)α˙βKµ. (4.12)
At last we choose the U(1) charge as,
A = −1
4
(4H0 + 3H1 + 2H2 +H3). (4.13)
From the deformed su(1|4) algebra, we can read off the deformed superconformal
algebra of the generators defined in the above. However, as the algebra in the basis
is very complicated, it is convenient to represent the algebra in the T -H basis. It is
interesting that the supercharges are not longer nilpotent. For example, Q1 satisfy
the following relations,
(Q1)
2 = 2i(q − 1)T 03T 01, (Q1)3 = 0. (4.14)
The other supercharges satisfy similar relations.
It is very important that in this basis either the deformed Poincare´ or the super-
Poincare´ algebrs is not a closed subalgebra of the deformed superconformal algebra.
Therefore, we need some contraction procedure [31] to obtain a closed Poincare´ or
super-Poincare´ algebra from the above basis [22, 23, 24, 20, 21].
We restricted ourselves deformation of the N=1 superconformal algebra on four-
dimensional space-time in the above. It is easy to extend the above approach to
extended superconformal algebra on four-dimensional and two-dimensional space, i.e.,
su(N |2, 2) and su(N |1, 1).
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4.3 Closed subalgebra of deformed su(1|4) algebra with automorphism
In this subsection, we investigate closed subalgebras with some simple automor-
phisms, i.e., other conjugations besides (3.8). In Ref.[20]. it was shown that Hα,
T αα+1 and T
α+1
α (α = 1, 3) compose a closed subalgebra (2.25) for a deformed Lorentz
algebra with the following consistent automorphism,
H1 ↔ H3, T 12 ↔ T 43, T 21 ↔ T 34. (4.15)
Next we consider another closed subalgebra consists of T 13,T
1
4, T
2
3 and T
2
4. They
satisfy the following relations,
[T 13, T
2
4] = λ[T
1
4, T
2
3], [T
1
4, T
2
3] = 0,
[T 23, T
1
3]q = [T
1
4, T
1
3]q = [T
2
4, T
2
3]q = [T
2
4, T
1
4]q = 0. (4.16)
In the case where |q| = 1, this algebra has the following automorphism,
T 13 → T 13, T 24 → T 24, T 14 ↔ T 23. (4.17)
When we take the above ‘conjugation ’ with |q| = 1 , we have to reverse the order of
elements. The fact is opposite to the conjugation discussed in section three. For this
closed subalgebra with the conjugation (4.17), we can find translation operators P˜µ
(µ = 0 ∼ 4) with the Minkowski metric as follows, P˜0 + P˜3 P˜1 + iP˜2
P˜1 − iP˜2 P˜0 − P˜3
 ≡
 T 13 T 14
T 23 T
3
4
 . (4.18)
It is easily shown that P˜µ is real under the conjugation (4.17). Further the above
algebra has a center C as follows,
C = qT 13T
2
4 − T 14T 23. (4.19)
Although supercharges associated with the translation operators P˜µ correspond
to linear combinations of T 10,T
2
0,T
0
3 and T
0
4, unfortunately the supercharges and P˜µ
do not compose a closed algebra and their commutation relations involuve H0, H1
and T 21. We are very interested in a closed Poincare´ algebra including P˜µ. However,
we can not find a Lorentz algebra consistent with the conjugation (4.17).
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Instead of a deformed Poincare´ algebra, we can derive an interesting deformed
inhomogeneous iso(2, 2) algebra with a metric ĝµν = diag(1,−1, 1,−1) composed
by translation T 13,T
1
4,T
2
3,T
2
4 and rotation T
α
α+1,T
α+1
α ,Hα (α = 1, 3). They satisfy
a closed subalgebra, which is read off Appendix B. We define a physical basis of
translation and rotation as follows, P̂0 + P̂3 P̂1 + P̂2
P̂1 − P̂2 P̂0 − P̂3
 ≡ i
 T 13 T 14
T 23 T
3
4
 .
M̂03 =
i
2
(H1 −H3), M̂21 = i
2
(H1 +H3), (4.20)
M̂23 =
i
2
(T 12 + T
2
1 + T
3
4 + T
4
3), M̂13 =
i
2
(T 12 − T 21 + T 34 − T 43),
M̂02 =
i
2
(−T 12 + T 21 + T 34 − T 43), M̂01 =
i
2
(−T 12 − T 21 + T 34 + T 43).
In the case where |q| = 1, this deformed algebra of P̂ , M̂ has the following automor-
phism,
Hα → −Hα, T αα+1 → −qT αα+1, T α+1α →
−1
q
T α+1α , T
β
γ → −T βγ, (4.21)
where α = 1, 3, β = 1, 2, γ = 3, 4. When we take the above cojugation, we also
reverse the order of elements. Under the conjugation (4.21) P̂µ and M̂µν are real. We
can take away the minus sign of the last equation of (4.21) if we put off i from the
definition of P̂µ (4.20). Further it is remarkable that C (4.19) is still the center in the
deformed iso(2, 2) algebra.
At last we consider supersymmetrization of the above deformed iso(2, 2) algebra.
Supercharges associated with P̂ correspond to T 10, T
2
0,T
0
3,T
0
4. The elements need H0
so that they have closed commutation relations with the generators of the deformed
iso(2, 2) generators. The superalgebra has the following automorphism consistent
with (4.21),
T 10 → fT 10, T 20 →
f
q2
T 20, H0 →
−1
q2
H0, T
0
α →
−1
q3f
T 0α, (4.22)
where α = 3, 4 and f is an arbitrary factor. In the last equation of (4.22), the minus
sign is due to the sign of the last equation (4.21). So we can take away both signs
simultaniously. Suppose that we define physical superchareges as follows,
Q̂1 ≡ iT 10, Q̂2 ≡ iq−1T 2, Q̂1 ≡ −q−3/2T 03, Q̂2 ≡ −q−3/2T 04, (4.23)
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where we choose f = 1. They satisfy classicaly commutation relations similar to
(4.12). Note that Q̂α and Q̂α are ‘real’ themselves under the conjugation (4.22),i.e.,
Q̂α does not implies the conjugate of Q̂α and they are independent operators. The
approach to the above superalgebra could be extended.
5. Conclusion
We have studied here the deformed su(m|n) algebra on the quantum superspace.
Some interesting aspects of the algebra has been shown and we have constructed
the deformed superconformal algebra as an application of the deformed su(m|n)
algebra. The quantum 6-vector is also obtained from the tensor product of the
fermionic quantum 4-spinors. Further we have discussed the closed subalgebras of
the deformed su(1|4) algebra with the consistent automorphisms, which include the
deformed Lorentz, translation of Minkowski space, iso(2, 2) and its supersymmetric
algebras.
It is very important to apply the above approach to deformed so and sp algebras.
The deformed su(m|n) algebra obtained here includes lots of interesting algebra, e.g.,
the extended 2-dim and 4-dim superconformal algebra to be studied and the deformed
iso(2, 2) algebra, whose classical space is interesting, e.g., for the O(2) string (See e.g.
Ref.[32]). It might be possible to derive a deformed Poincare´ algebra with the correct
metric and reality, from a large algebra in the similar way to the procedure to find
the closed subalgebra with the simple automorphism in section 4.3.
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Appendix A
Here, we study decomposition of the differential algebra (2.3) following Ref. [25],
where decomposition of the bosonic differential algebra was disscued through “renor-
malization ” of the quantum coordinates and derivatives. We define
µi ≡ ∂ixi − xi∂i = 1 + (q−2 − 1)(
∑
i≤j
xj∂j +
∑
α
θα∂α),
µα ≡ ∂αθα + θα∂α = 1 + (q−2 − 1)(
∑
α<β
θβ∂β). (A.1)
They satisfy the following commutation relations,
[µI , Z
J ]1/q2 = [µI , ∂J ]q2 = [µi, x
i]1/q2 = [µi, ∂i]q2 = 0
[µJ , Z
I ] = [µJ , ∂I ] = [µα, θ
α] = [µα, ∂α] = 0, (A.2)
where I < J , and µI commute with each other.
Suppose we define new coordinates ẐI (X i,Θα) and derivaties Dα as follows,
X i = µ
−1/2
i x
i, Θα = µ−1/2α θ
α, DI = µ
−1/2
I ∂I . (A.3)
Then the new coordinates and derivatives satisfy simple relation as
DiX
i = 1 + q2X i∂i, DαΘ
α = 1−ΘDα,
[ẐI , ẐJ ] = [ẐI , DJ ] = [DI , DJ ] = 0, (A.4)
It is remarkable that the fermionic elements Θα and Dα satisfy colmpletely the clas-
sical algebra. Therfore, we can derive the quantum fermionic coordinates θα and
derivatives ∂α from the classical elements Θ
α and Dα as follows,
θα =
√
µαΘ
α, ∂α =
√
µαDα,
µα =
∏
α<β
(1 + (q−2 − 1)ΘβDβ). (A.5)
The similar relation has been found for the fermionic q-oscilators in Ref. [33].
Next we study actions of the generators on the new sapce. For example, we
consider the case of the two-dimensional bosonic quantum space with coordinates xi
(i = 1, 2) and derivatives ∂i. By definition (A.1), we can easily obtain
[T 12, µ1] = [T
2
1, µ1] = 0,
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[T 12, µ2] = (q
−2 − 1)x1∂2 = (q−1 − 1)(√µ2x1D2 + x1D2√µ2), (A.6)
[T 21, µ2] = (1− q−2)x2∂1 = q−1(q−1 − 1)(
√
µ2X
2∂1 +X
2∂1
√
µ2).
Eq.(A.6) leads to the following relations,
[T 12,
√
µ2] = (q
−1 − 1)(µ2)−1/2x1∂2, [T 21,
√
µ2] = q
−1(q−1 − 1)(µ2)−1/2x2∂1. (A.7)
Therefore, we obtain actions of T 12 and T
2
1 on the renormalized coordinates X
1 and
X2 as follows,
T 12X
1 = −q−1X1T 12, T 12X2 = qX2T 12 + qµX1 + q(q − 1)µX1X2D2,
T 21X
1 = q−1X1T 21 + µ
−1X2, T 21X
2 = qX2T 12 + (1− q−1)µX2X2D1, (A.8)
where µ =
√
µ1/µ2. This result is rather complicated than (2.7) and (2.8). We could
obtain actions of T 12 and T
2
1 on the renormarized fermionic quantum sapce Θ
α, which
are also complicated.
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Appendix B
Here, the whole deformed su(1|4) algebra is explicitly shown.
[T IJ , T
J
K ]q = T
I
K , (I < J < KorI > J > K).
[T α+1α , T
α
α+1]q2 = qHα, {T 01, T 10} = H0,
[Hα, T
α
α+1]q4 = −q2(q + q−1)T αα+1, [Hα, T α+1α ]1/q4 =
q + q−1
q2
T α+1α ,
[Hα, T
α
J ]q2 = −qT αJ , [Hα, T α+1J ]1/q2 = q−1T α+1J , (α + 1 < JorJ < α),
[Hα, T
J
α]1/q2 = q
−1T Jα, [Hα, T
J
α+1]q2 = −qT Jα+1, (α + 1 < JorJ < α),
[H0, T
J
ρ]1/q2 = T
J
ρ, [H0, T
ρ
J ]q2 = −q2T ρJ , (J = 0, 1 ρ > 1),
[T αβ, T
I
β]q = [T
β
I , T
β
α]q = [T
I
α, T
β
α]q = 0,
[T Iβ, T
I
α](−1)Î q̂(I) = [T
α
I , T
β
I ](−1)Îq = [T
α
β, T
α
I ]q = 0,
[T αγ , T
I
β] = λT
I
γT
α
β, [T
β
I , T
γ
α] = λT
γ
IT
β
α,
[T α+1α , T
α
ρ]q = T
α+1
ρ − λT α+1ρ Hα, (α+ 1 < ρ),
[T ρα, T
α
α+1]q = q
2T ρα+1 − λq2T ρα+1Hα, (α + 1 < ρ),
[T σγ , T
γ
ρ]1/q = T
σ
ρ, (σ < ρ, ρ = γ − 1) or (ρ < σ, σ = γ − 1),
[T σ4, T
4
ρ]q−1 = T
σ
ρ − λT 3ρT σ3, ((σ, ρ) = (1, 2) or (2, 1)),
[T 1σ, T
ρ
1]q−1 =− qρ−σ+2T ρσ + λT ρ2T 2σ + λqρ−σ+2T ρσ(H1 +H2)− λ2T ρ2T 2σH1
− λ2qρ−σ+2T ρσH1H2, ((σ, ρ) = (3, 4) or (4, 3)),
[T αα+2, T
α+2
α ]q−2 =− q−1Hα − qHα+1 − λq−1T α+1α T αα+1 + λq−1T α+2α+1T α+1α+2
+ qλHαHα+1 − λ2q−1T α+1α+2T α+2α+1Hα,
[T 14, T
4
1]q−2 = −q(2− q−2)H1 − q−1(2− q2)H2 − q(2− q2)H3 − q−1λT 42T 24 + λq−1T 12T 21
−q−1λT 31T 13 + q−1(2− q2)λT 43T 34 + (1 + q−2)λT 42T 24H1 − λqH1H2 − λq3H1H3
+λq−1(2− q−2)(2− q2)H2H3 − (q + q−1)− (q + q−1)λ2T 32T 23H1 + λ2T 32T 23
−q−3(2− q2)λ2T 43T 34H2 + qλ2T 43T 34H1 − qλ3T 43T 34H1H2 + q2λ3H1H2H3,
[T 0γ, T
γ
α]1/q = q
2(γ−α−1)T 0α − λ
∑
α<β<γ
q2(γ−β)−1T 0βT
β
α,
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[T γ0, T
α
γ ]q = −q2(γ−α)−1T α0 + λ
∑
α<β<γ
q2(γ−β)T αβT
β
0,
{T 0ρ, T 10}q = qT 1ρ − λT 1ρH0, {T 01, T ρ0}q = q3T ρ1 − λq2T ρ1H0, (ρ > 1),
{T 0ρ, T 20}q = qT 2ρ − λT 2ρH0 − qλT 2ρH1 − λq3T 1ρT 21 + λ2T 2ρH1H0 + λ2q2T 1ρT 21H0,
(ρ > 2),
{T 02, T 2ρ}q = q3T ρ2 − λq2T ρ2H0 − λq3T ρ2H1 − λq3T 12T ρ1 + λ2q2T ρρH1H0 + λ2q2T 12T ρ1H0,
(ρ > 2),
{T 02, T 20} = H0 + qH1 − λH1H0 + qλT 10T 01 − λq3T 12T 21 + λ2q2T 12T 21H0,
{T 03, T 30} =q4H0 + q3H1 + qH2 − λq2T 01T 10 − qλT 02T 20 − qλH0H1 − λH2H0
− λq3T 23T 32 − λq3T 13T 31 − qλH1H2 − q4λ2T 12T 21 + λ2q3T 23T 32H1
+ λ2q2T 13T
3
1H0 + λ
2q2T 23T
3
2H0 + λ
2H1H2H0 − λ3q2T 23T 32H1H0
+ λ3q3T 12T
2
1H0,
{T 04, T 40} =− [T 14, T 41]1/q2(q4 + λH0) + q6H0 − λq3T 01T 10 − λqT 02T 20 − λqT 03T 30
+ λq5T 13T
3
1 + λq
7T 12T
2
1 + λ
2q4T 13T
3
1H0 + λ
2q6T 12T
2
1H0,
where I < α < β < γ, and for the other commutation relations the generators
satisfy the classical algebras, i.e., they commute or anticommute depending on their
grassman parity.
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